We study harmonically trapped two-species Bose-Einstein condensates within the Gross-Pitaevskii formalism. By invoking the Thomas-Fermi approximation, we derive an analytical solution for the miscible ground state in a particular region of the system's parameter space. This solution furnishes a simple formula for determining the relative strength of the interspecies interaction from a measurement of the density distribution of only one of the two species. Accompanying numerical simulations confirm its accuracy for sufficiently large numbers of condensed particles. The introduced formula provides a condensate-based scheme that complements the typical experimental methods of evaluating interspecies scattering lengths from collisional measurements on thermal samples. A key ingredient that gives rise to these phenomena and sets the two-species system apart from the single-species BEC is, quite obviously, the interspecies interaction, which is taken here to be of the zero-range density-density type. It can have a drastic effect on the ground-state density distributions, leading, for example, to segregation of the two condensates when it is strongly repulsive [6, 10, 11] . In this paper, we demonstrate how the ground-state shapes of the coupled condensates encode crucial information about the interspecies interaction, even when no phase separation occurs, and how the information can be conveniently extracted. Specifically, based on the analytical Thomas-Fermi (TF) formalism, we derive below a simple formula [Eq. (17)] that can be used to determine the relative strength of the interspecies interaction from a measurement of the density distribution of just one of the two miscible condensate species. Gross-Pitaevskii model-As the starting point of our theoretical treatment, let N A bosonic atoms of species A and mass m A and N B bosonic atoms of species B and mass m B be confined and Bose-Einstein condensed in three-dimensional, concentric harmonic traps. Atoms within each species are assumed to interact through repulsive contact interaction of strength c S = 4π
Introduction-Binary mixtures of Bose-Einstein condensates (BECs) have been extensively studied in recent years, both experimentally and theoretically. In experiments to date, these so-called two-species BECs have been produced by using either two different elements [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] , two distinct isotopes of the same element [11] [12] [13] , or a single isotope in two different internal states [14] [15] [16] [17] [18] [19] . Theoretical studies, in turn, have addressed diverse phenomena such as segregation [20] [21] [22] [23] [24] and the associated symmetry breaking [25] [26] [27] [28] [29] , wetting phase transitions [30] , and exotic vortex structures [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] , to name but a few.
A key ingredient that gives rise to these phenomena and sets the two-species system apart from the single-species BEC is, quite obviously, the interspecies interaction, which is taken here to be of the zero-range density-density type. It can have a drastic effect on the ground-state density distributions, leading, for example, to segregation of the two condensates when it is strongly repulsive [6, 10, 11] . In this paper, we demonstrate how the ground-state shapes of the coupled condensates encode crucial information about the interspecies interaction, even when no phase separation occurs, and how the information can be conveniently extracted. Specifically, based on the analytical Thomas-Fermi (TF) formalism, we derive below a simple formula [Eq. (17) ] that can be used to determine the relative strength of the interspecies interaction from a measurement of the density distribution of just one of the two miscible condensate species. Gross-Pitaevskii model-As the starting point of our theoretical treatment, let N A bosonic atoms of species A and mass m A and N B bosonic atoms of species B and mass m B be confined and Bose-Einstein condensed in three-dimensional, concentric harmonic traps. Atoms within each species are assumed to interact through repulsive contact interaction of strength c S = 4π 2 a S S /m S > 0, where S ∈ {A, B} and a S S is the s-wave scattering length between atoms of species S . The interspecies contact interaction strength c AB = 2π 2 a AB m
B , where a AB is the positive or negative interspecies swave scattering length, is taken to be weak enough for the two species to remain miscible [41] . The concentric harmonic traps are written as
, where the trap frequencies ω S l , l ∈ {x, y, z}, may all be different. It should be noted, however, that we have assumed the two traps to be co-aligned such that they can both be assigned the same symmetry axes (which we have selected as our Cartesian coordinate axes). For the sake of convenience and notational symmetry, we introduce a mass m and a frequency ω and hereafter use ω and a osc ≡ √ /(mω) as units of energy and length, respectively. Assuming that the temperature is close enough to zero, the ground state of the two-species BEC can be described accurately by the timeindependent coupled Gross-Pitaevskii (GP) equations [42] [43] [44] for the condensate wave functions φ S , S ∈ {A, B}:
where
) is a dimensionless trap frequency, / S is defined such that / A = B and / B = A, the dimensionless coupling constants are
and µ S are the chemical potentials that enter as Lagrange multipliers enforcing the unit normalizations R 3 |φ 2 S (r)|d 3 r = 1. Since we will only consider flowless ground states, we can assume φ S ∈ R.
Thomas-Fermi solution-We introduce the TF approximation (TFA) [44] [45] [46] , which applies to sufficiently large numbers of condensed atoms and amounts to neglecting the kinetic energy terms. When both φ A and φ B are nonzero, the resulting TF versions of Eqs. (1) can be written as 
We will refer to the formal solution given by Eqs. (5) as Form II. Equations (6) can be solved for the chemical potentials:
The parameters Y S l defined in Eqs. (7) are known once the input parameters are given, while X S remain unknown because they depend on µ S . If exactly one of the two wave functions, say φ A , is zero in a certain region of R 3 , the formal solution is
A solution of this type is referred to as Form I B , where the subscript B indicates the nonvanishing species. Analogously, Form I A can be defined. Together with the vacuum φ A = φ B = 0, Forms I A , I B , and II exhaust all possible types of local TF solutions of Eqs. (1) . If one of the wave functions in Form II, say φ A (r), reaches zero as we vary r, we arrive at a boundary surface of Form II (for instance, φ A will reach zero upon increasing x sufficiently if Y Ax > 0). Crossing the boundary will lead to a transformation from Form II to Form I B . It is emphasized that both wave functions are always continuous at the form boundaries; this is because the equations governing the two neighbouring forms become exactly the same for the boundary points. In this way the formal solutions, each with its own specific domain of definition, will be naturally and continuously linked up to form the complete piecewise-defined TF solution over entire R
3
. The complete TF wave functions, however, will not in general be differentiable at the form boundaries. The two unknowns µ S appearing in the entire solution can be obtained from the two additional equations
The parameter space of the two-species model is fairly high-dimensional: even after all the redundancies are removed, one must specify the values of at least nine independent parameters in order to fix all the coefficients in Eqs. (1) . Partly for this reason, we will not develop the general TF solution any further in what follows. Instead, for our purposes, it is sufficient to consider a specific type of TF solution satisfying the following assumptions: (i) The isosurfaces of φ Note that these assumptions are different for the two species and hence should be used as the criteria for assigning the two labels A and B.
Due to assumptions (i) and (ii), the solution has Form II at the origin, and it follows from Eqs. (5) 
We know from assumption (ii) that the solution has Form II in Ω in and from assumption (iii) that φ 2 B remains positive on the boundary ellipsoid ∂Ω in . As we cross ∂Ω in to the outside, the solution acquires Form I B [Eqs. (9)]. Since all the three γ Bl are positive by definition, the isosurfaces of φ 2 B in Eq. (9b) are also ellipsoids, and φ 2 B will reach zero on the ellipsoid (x, y, z) ∈ R 3 | l γ Bl l 2 = 2µ B ≡ S. Because both wave functions vanish outside S, it is the boundary surface of the whole two-species BEC. The region between ∂Ω in and S is referred to as the outer region and denoted by Ω out .
From the normalization 1
r and Eqs. (8) and (10), we obtain
We can further use Eqs. (6) and (8) to write down closed analytical expressions for the remaining unknowns
Thus, all the quantities involved in φ A and φ B have now been determined in terms of the model input parameters, and thereby the desired TF solution has been obtained. In order for the solution to be self-consistent, it must satisfy the assumptions made in its design. Since we must necessarily have
the requirement X A > 0 is immediately satisfied by Eq. (10). By utilizing standard techniques of analytical minimization, we can cast the constraint φ 
Furthermore, assumption (iii) implies that φ 2 B as given by Eq. (9b) must be positive on ∂Ω in , which in turn requires that
As long as the ten input parameters γ S l , α S , and β S are chosen such that the inequalities (12)- (14) are satisfied, the TF solution derived above is self-consistent. Interaction strength formula-It turns out that information on V AB can be extracted simply by observing the inner cloud, i.e., the density distribution of species A. The mean square value of the atomic coordinate l ∈ {x, y, z} in the species-A cloud is 
Furthermore, we define a 3-by-3 matrix δ A with elements
where l, l ∈ {x, y, z}. For the case γ Al /γ Al γ Bl /γ Bl , we can, by using Eqs. (7), rewrite Eq. (16) as
If the atomic masses and trap frequencies are known, Eq. (17) can be used to determine the relative strength of the interspecies interaction by measuring the mean-square values of any two coordinates in the density distribution of species A only. As such, Eq. (17) provides a means to determine c AB that complements the standard methods involving collisional measurements on thermal samples [1, 47] . We note that the masses and trap frequencies are typically known to a high accuracy (for example, by measuring the dipole oscillations of the center of mass of the atomic cloud, the relative uncertainty in determining the trap frequency can be as small as 0.001). Consequently, the uncertainties and possible errors in determining c AB /c B via Eq. (17) are likely to arise mainly from the uncertainties in the measurement of δ A ll . In the experiments, it is typically straighforward to vary any of the involved trap frequencies and, in this way, to obtain a large number of individual estimates for c AB /c B at different values of the frequencies. Such data will allow one to assess the consistency between Eq. (17) and the experimental data and to obtain an accurate estimate for c AB /c B with a well-defined uncertainty by averaging over the individual measurements.
Numerical results-The above formulae are generalizations to triaxial configurations of previously obtained expressions for spherically symmetric harmonic traps [48, 49] . They are all based on the TFA and will therefore inherit its errors. However, the TFA is known to become more accurate with increasing number of atoms. It is therefore natural to ask how large condensates one would need in order for the approximation error to be negligible. To this end, we perform numerical calculations beyond the TFA to obtain the exact ground-state solutions of the GP equations (1). We further define (c AB /c B ) est as the estimate obtained from Eq. (17) by replacing the TF value of δ A ll with that of the numerical solution. When the relative error of this estimate is negligible, Eq. (17) is applicable for the determination of c AB /c B .
In our numerical calculations, we discretize Eqs. (1) by applying the standard three-point finite-difference stencil and solve the resulting equations iteratively with the successive overrelaxation algorithm. We use coordinate grids with step lengths ≤ 0.05 × √ /m A (ω Ax ) in each direction. To enable simple visualization, we set ω Ax = ω Ay and ω Bx = ω By and limit the simulations to cases where both φ 2 A and φ 2 B are cylindrically symmetric about the z axis. We stress, however, that our analytical treatment also applies to two-species BECs with no cylindrical symmetry. Table I collects our numerical results for a two-species BEC where the two condensates are coupled through a repulsive interspecies interaction of relative strength c AB /c B = 0.8 and confined in cylindrically symmetric oblate harmonic traps (i.e., ω S z > ω S x = ω S y ). The table entries correspond to different values of α A ∝ N A , while the other system parameters are kept constant as described in the caption of Table I Table II lists the corresponding results for a case where both harmonic traps are prolate (ω S z < ω S x ) and there is a fairly strong interspecies repulsion of c AB /c B = 1.06 [50] . The analytical and numerical solutions are presented in Fig. 2 for α A = 10 4 . Despite the prolate trap with ω Az /ω Ax = 0.8, the density φ 2 A shown in Fig. 2(c) is observed to have a highly oblate profile due to its coupling to species B; this suggests that the shape of the cloud carries a strong signal of the interspecies interaction, and consequently we may expect (c AB /c B ) est to be particularly accurate in this configuration. Indeed, its relative error (c AB /c B ) est c B /c AB − 1 is only −1.13% already at α A = 10 4 and becomes < 10 Conclusions-In summary, we have presented an analytical TF solution for a miscible two-species BEC confined in a three-dimensional harmonic trap; we derived a formula, given by Eq. (17) , that enables one to determine the relative interspecies strength c AB /c B from the knowledge of the RMS values of two coordinates in the density distribution of species-A atoms. Since Eq. (17) holds only within the TFA, we tested its applicability to the numerical solution of the original GP equations. Although the resulting estimate (c AB /c B ) est was found to be highly inaccurate for small numbers of condensed atoms, its relative error became smaller or comparable to typical experimental uncertainties at atom numbers achievable at stateof-the-art experiments. Hence, Eq. (17) may provide a useful way of determinining the interspecies interaction strength, complementary to the usual methods that do not necessarily involve BECs. In particular, it could also be used to crosscheck that the interspecies interactions between condensed atoms are similar to those between noncondensed (but still cold) atoms.
The basic approach of forming piecewise-defined TF solutions of multispecies BECs is obviously quite general [44] and can be applied to many more situations besides the one considered here. In future work, it would be beneficial to derive the detailed TF solutions for the entire parameter space and investigate whether similar convenient relations could be found outside the validity range of the present solution. Such a general solution would also facilitate a detailed study of the ground-state phase diagram of the system. Another possible Table II . RMS values of the coordinates x and z in the ground-state density distribution and the corresponding estimates (c AB /c B ) est 
